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Abstract—We present a simple method for a mobile robot's u is the linear velocity of the mobile robot, and is the
tfajECtOLthwaU'US U|Singdthe ffamotuz tI;yapunovl e?huations- T';]is angular velocity. All the above mathematical elements are
research has been already conducted by several other researcher o s
before us, so we take no credit for it. We just reproduced the “also presented in figure 1.
results for ourselves, by studying Lyapunov’s theories and the pa- . . . .
pers presented in the references section. While the mathematical ~ The trajectory is actually composed of seveva points.
foundation is quite easy to understand, we feel that these results A special case is the trajectory between two points, a start-
have not been exploited enough in mobile robotics. Therefore, ing point given by (z,,ys,%s) and a goal point given by
we strongly encourage people entering this area of research, to (24, vy, d,). The proposed algorithm will calculate a controller
glance at them before going deeper and start studying more , 99> "9/ . .
complex methods. thé'lt has to move the robot from the starting point to a goal

) , point equal with (0,0,0).

Index Terms— mobile robots, robust controller, trajectory cal-

culus, Lyapunov equations

!.4

I. INTRODUCTION

One of the most common tasks in the field of mobil
robotics, is to move a robot from a starting point S to
final goal point G, with the maximum possible speed. Th
resulting trajectory has to be optimally calculated, withot
stepping out of the robot’s physical properties boundaries.

The information used for estimating a mobile robot"
position is based on its simplest form on odometry. Proble
is, odometry can be very unreliable in the real world, most
because of perturbations and wheel slippings, hence it ¢
lead to a lot of uncertainties, unknown a-priori. Thus, th
need to find a robust controller that will stabilize the systel
is mandatory, if the proposed performances have to be reack

In this paper we present the results achieved by usi
a controller based on some of Lyapunov’s equations. T|
starting kinematic model’s equations for a 2-wheel differentii
drive robot are presented in section 2, the calculus method
the control laws in section 3, experimental results in section
and conclusions in section 5. The complete source code u. __.
to generate the results is presented in section 6.

Fig. 1. Mobile robot’s kinematic model elements

Il. KINEMATIC MODEL

The starting kinematic model for the mobile robot is pre-
sented in the following formula. X and Y are the robot’s e =/x2 + y?
coordinates in the Cartesian space, arid the angle between 0 = atanh(y, )
the robot’s current position and the X axis. a=0—¢

The following mathematical substitution is applied.

= u* cos(¢) atanh is the tangent's inverse in the 4th quadrant of the
y=ux sin(¢) trigonometric circle ¢tanh(y, z) € (—m,x]).

¢=w
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By substituting the new coordinatesd and «, the kine-

matic model becomes:
) u = (ycosa)e;y > 0
é=—uxcos(d — @)

0 — u % By replacingu in the above formula}; becomes:
o=w Vi = —(\sina)e? <0

iS:And, by replacingx with ¢ — ¢, the final kinematic model V1, converges asimptotically to a positive defined limit.
€= —u * coso e Analogue, forVs:
(;:—u:{ug* c %:a[_w+7cosajina(a+h9)]

Although from the above equations, one can deduct apgain, it can be easily deducted from the above equation,
variety of kinematic models, we choose this one for oynat the term belonging t, can have a negative value, if the

algorithm. angular velocityw takes the following form:
One mention must be made: the above equations are only w=koa+ /\M(a + ho); (k > 0)
(0%

valid if the error e is not 0. Therefore, the trajectory between _ _ .
the two points will never be calculated as a straight line, but By replacingw in the above formulalz becomes:
as to always induce a very small error.

Va=ka®><0
When used on a mobile robot, a few limitations are occur- By replacingV; and V5, we obtain the final negative form
ring: of V:
« the linear velocityu is upper bounded by the maximum V=V 4V, = “A(ycos?a)e? — ka <0

linear velocity of the robotu < w,,q.; _ N o
« the angular velocity is upper bounded by the maximum The Lyapunov function converges to a positive finite limit.
angular velocity of the roboty < wyaqe! By using the above equations and applying them to the earlier
. the lateral acceleratiom = u * w must be smaller described kinematic model, we get:
fthan Gmaz» becau_se our robot model or_1|y uses od_ometry ¢ = —(ycos®a)e
information, and if the lateral acceleration is too big, one & = —(ka — yheosasing) o) >
of the wheels could detach from the ground on a turn, thus

the odometry information will get completely corrupted. o )
Because: and 8 converge to 0, it immediately results that

I1l. CLOSEDLOOPCALCULUS USING LYAPUNOV ¢ and @ also converge to 0.
EQUATIONS

In order to demonstrate the efficiency of the algorithm, we
are choosing the parking problem.

0 = ycosasina

IV. EXPERIMENTAL RESULTS

To evaluate the performance of the algorithm, we performed
several simulations in Matlab 7. The problem to solve is

Let there be a mobile robot, initially positioned at soménding and implementing a robust control law based on
coordinates different thafn,0,0) (goal point). Let there be Lyapunov’s equations to move a mobile robot from an arbitrary
a set of measurable state variablesq, 6], with ¢ > 0. The initial given starting point (-1, -1,0) in our example) to
task is to find a proper control lawy, w] = g(e, o, 6) that @ goql point(0,0,0). After several attempts, we found the
guarantees a stable asymptotic convergence of the systef@#owing values fory, h and k, somewhat optimal for the
state to the goal staf@, 0, 0]. problem at handy = 1,h =1 andk = 6.

The generalized form of a Lyapunov function relevant to
our control law is: A. No induced errors
B RN 2. Figure 2 and 3 represent the control algorithm simulations
V=Vi+V;= 5/\6 + §(a +h6%) Ak >0 when the robot has fairly precise odometry information. Figure

V4 andV; characterize the mean square error of the distanééepresents the curvilinear trajectory that the robot takes from
vectore and of the alignment vectdey, v/76]. By derivingV/, its starting point to the(0,0,0) goal point, while figure 3

the Lyapunov function becomes: presents the linear and angular velocitiesafd w).
To verify the robustness of the control law, we induced
) . i . perturbations in the odometry information, here simulated by
V = Vi+Va = Aeé + (ad + h0) stochastic additive errors.

= Aeucosa + af—w + u% @}

It can be easily deducted from the above equation, that tRe Small induced errors
term belonging tol; can have a negative value, if the linear Figure 4 and 5 represent the simulations for small induced
velocity u takes the following form: errors ( 10%).
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Fig. 2. Trajectory simulation with no errors. Fig. 4. Trajectory simulation with small odometry errors ( 10%).
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Fig. 3. Linear ¢) and angular«) velocities simulation when no odometry Fig. 5. Linear ) and angulard) velocities simulation when small ( 10%)
errors are present. odometry errors are present.

C. Medium induced errors [2] M. Aicardi, G. Casalin, A. Bicchi and A. Balestrino. Closed loop
. . . . .. steering of unicycle-like vehicle via Lyapunov techniques. IEEE
Figure 6 and 7 represent the simulations for medium in- 2 "= oo Mag., vol.2, pp.27;38ar. 1995
duced errors ( 20%). [3] B. Moon Kim and P. Tsiotras. Controllers for Unicycle-Type Wheeled
Robots: Theoretical Results and Experimental Validation. |IREE
Transactions on Robotics and Automation, vol.18, nduhe 2002

D. Large induced errors [4] A. De Luca, G. Oriolo and M. Vendittelli Control of Wheeled Mobile
Fi 8 d9 t th . lati for | ind Robots: An Experimental Overview.
Igure ¢ an represen € simulauons for large in uceB] W.E. Dixon, D.M. Dawson, E. Zergeroglu and F. Zhang. Robust tracking

errors ( 30%). and regulation control for mobile robots. International Journal of
Larger Odometry errors can be Slmulated In a Slmllar man- ?g?l;sgt 2aln6d Nonlinear Control, Int.J.Robust Nonlinear Control 2000,
ner, and will lead to approxmately the same results. [6] G. Indiveri. An Introduction to Wheeled Mobile Robot Kinematics and
Dynamics. InRobocamp ? Padeborn (Germanypril 8 2002
[7] A. Astolfi, P. Bolzern and A. Locatelli. Path-Tracking of a Tractor-
V. CONCLUSIONS Trailer Vechile Along Rectilinear and Circular Paths: A Lyapunov-Based
The results presented in this paper, demonstrate the h|gh Approach. InlEEE Transactions on Robotics and Automation, vol.20,
: no.l1, February 2004
degree of robustness to perturbations of the Lyapun%] G. Oriolo. WMR Control Via Dynamic Feedback Linearization: Design,
closed-loop control law. Implementation and Experimental Validation. IBEE Transactions on
Control Systems Technology, vol.10, nd®vember 2002

Although we did not test the method’s efficiency outside

the simulator, we presume that it will function correctly on VI. SOURCECODES
the real robot as well, since the uncertainties modelled &g —[ main.m ]—
usually higher than the ones on the robot. clc:clf:clear:hold off;
plot (0,0);hold on;
REFERENCES axis([-1.2 0.2 -0.2 1.2]);

[1] C. Webers and U.R. Zimmer. Robust tracking under uncertainties. gama = 1;
OCEANS 2000, Providence, USA h=1;
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Trajectory simulation with medium odometry errors ( 20%).
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Fig. 7. Linear ;) and angulard) velocities simulation when medium ( 20%) Fig. 9.

odometry errors are present.

k =6;
[e,th,a] = CalcETA(1,-1,0)
[t,y]=oded5(@f3,[0 10],[e a th]);
x = zeros(length(t));
yy = zeros(length(t));
for i = 1:length(t),
x(i) = sart( y(i,1y / (1+tan(y(i,3)F) );
yy(i) = x(i) * tan(y(i,3));
omega(i) = k*y(i,2) + gama *

(cos(y(i,2))*sin(y(i,2)) / y(i,2))*(y(i,2) + h * y(i,3));

u(i) = gama*cos(y(i,2))*y(i,1);
e =y(i,1);
theta = y(i,3);
end;
plot(yy,x,r');
[latc,longc] = scircle1(-1,1,0.02);
plot(latc,longc,b’)
[latc,longc] = scircle1(0,0,0.02);
plot(latc,longc,b’)

pause;
hold off;
plot(t,omega,r’,t,u,b’);
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Fig. 8. Trajectory simulation with large odometry errors ( 30%).
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odometry errors are present.

%—[ calcETA.m ]—

function [e,theta,alfa ] = CalcETA(X,Y,fi)
e = sqrt(¥ + y2);

theta = atan2(-y,-x);

alfa = theta - fi;

%—{ f3.m ]—

function dx = f3(t,y)

gama = 1,

h=1;

k =6;

dx=[-(gama*cos(y(2)j*y(1));
-k*y(2) - gama*h* (cos(y(2))*sin(y(2))/y(2));
gama * cos(y(2))*sin(y(2))];

Linear ¢) and angular) velocities simulation when large ( 30%)



